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Technical Abstract

The Arctic is rapidly melting due to global warming and may experience its first ice free
summer in the next 30-40 years. This is regardless of potential emissions reductions unless
local preventative action is taken. The loss of Arctic sea ice could lead methane to be released
from permafrost, a changing climate in the northern hemisphere as well as a positive feedback
loop whereby reduced albedo causes more heat to be absorbed. Preventing the Arctic from
melting and perhaps restoring lost ice may help to mitigate the effects of our carbon emissions
by increasing the global albedo and thereby reducing global temperature rises. A proposed
solution to Arctic melting is to pump seawater on top of existing thin ice in the winter to
thicken it and preventing it from melting fully during the warm winter months, also know
as ice volcanoes. As the albedo of ice is much greater than that of seawater, more solar
radiation is reflected and hence the Arctic is kept cooler helping to prevent more melting.
Ice volcanoes and the interaction between water flows and ice have not been researched in
depth. The two key pieces of relevant research are an investigation into the feasibility of ice
volcanoes with an energy balance over the whole Arctic winter by Desch et al., 2017, and
modelling/theory by Cartlidge, 2022 on the response of ice to water flowing down a channel
over its surface.

The project follows on primarily from the work of Cartlidge, 2022 repeating the ex-
periments and developing a new model for the channel flow before developing models and
conducting experiments for a radial flow. The model and experiments of Cartlidge, 2022
considered a one-dimensional channel rather than a radial flow. However, useful insights
were obtained as to how an ice volcano may behave. Firstly, the moment the water first
comes into contact with the ice is considered; the temperature at the interface cannot be
greater than the phase change temperature, otherwise ice must have melted instantaneously.
Similarly it cannot be lower then the phase change temperature as this would imply instan-
taneous freezing. The interface in both the water and the ice must therefore be the phase
change temperature. At the instant the water first touches the ice there is an infinite tem-
perature gradient in the ice at the interface as there has been no time for heat conduction
through the ice. Heat convection to the ice is proportional to the temperature difference
between the water and the interface and is therefore finite, the difference between the heat
fluxes determines the rate of melting/freezing. Therefore, for any (finite) water temperature,
the initial response is freezing at an infinite rate. The temperature profile in the ice then
weakens as heat is conducted into it and it warms up, meanwhile the heat transfer from
the water is constant (as it is flowing over the surface). Hence, after a period of time the
newly formed and then the original ice begin to melt. Melting occurs first where the water is
injected due to the water being warmest there and then progresses as the temperature profile
in the ice continues to weaken. Implications for the ice volcano are clear; if water greater
than phase change temperature is pumped continually then the ice volcano shall melt a hole
around itself, quickly rendering it useless. It may be possible to avoid this by using water
at or very close to phase change temperature (though this presents challenges of its own)
or by pumping the onto an artificial solid surface so the water is cooled to phase change
temperature by convection to the air. It is also worth noting that convection to the air and
radiation are neglected as they are relatively small at the short time scales considered (of
the order of minutes); these would beneficially increase heat transfer away from the water.
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Two models had been developed previously to predict the change in ice thickness along
the channel and a third was developed during the project which provides the most accurate
results when compared to experimental data. The first of the theories developed initially
assumes that there is no thermal boundary layer in the water and hence a single, bulk
temperature decreasing along the length of the channel. The second model assumes instead
that there is a thermal boundary layer growing with the square root of the distance along
the channel. The new model instead assumes the thermal boundary layer is growing with
the cube root of distance, and is the most accurate.

The experiments were carried out in a walk-in freezer at -18°C. An initial layer of ice
was frozen in the channel and the depth measured. Water of various temperatures was then
pumped on top and allowed to flow down the surface for a period of time before the depth
was measured for a second time. These experiments used thermocouples connected to a
Raspberry Pi to measure the water temperature flowing down the channel. Previously, this
temperature had been assumed to be that of the fridge where the water was stored. However,
the results were not reliable when the experiment was repeated without measurement of
the water temperature. With measured 0.5 and 0.8°C water supplied to the ice the data
was accurately predicted by the new boundary layer theory (� ∝ 3

√
distance). For these

temperatures, almost all of the data was bounded by the lower predicted growth of the
previous boundary layer model (� ∝

√
distance) and the higher predicted growth of the no

boundary layer model. For 2.0°C water the models were less accurate; potential causes of
this are inaccurate temperature measurement or a breakdown of the semi-infinite ice depth
assumption. The latter is more likely as there was significant melting through most of the
ice, especially at the channel inlet where the models deviated the furthest. Water overflowing
from the melted region rather than flowing over the ice in a thin film as assumed would also
lead to a breakdown of the assumptions in the model.

The experiments undertaken for radial flow matched closely to the two models developed
to predict the resulting ice profile. In the first experiment, it is thought that leaving the
chest freezer lid open during the experiment led to the water cooling less than expected
and hence the water was supplied at a warmer temperature than intended. This shows the
difficulty in accurately knowing the temperature when it could not be measured directly.
These models are equivalent to the first two models for the channel flow; they consider the
flow to be inviscid with either no thermal boundary layer or one growing as the square root
of distance. The boundary layer model most accurately predicted the ice growth for the
radial flow with both the melting and freezing estimated well apart from very close to the
inlet. At the centre of the ice disk the models break down as the water is not injected as a
point source, but from a pipe with finite area.

The experiments for both the channel and radial flows show that it is possible to predict
the ice profile resulting from water flowing over its surface, though the complex interaction
of melting and freezing is challenging to predict. The results and models show that ice
volcanoes using greater than phase change temperature water shall not be successful unless
action is taken to prevent melting where the water is injected. The report concludes with
areas of further research that are required to understand whether ice volcanoes could be used
to refreeze the Arctic and the implications of doing so.
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1 Introduction

1.1 Arctic Sea Ice Melting

The extent covered of the Arctic covered by ice has reduced by over 40% since 1979 whilst
the volume of ice has reduced by over 70% in the same amount of time (Dunne, 2022). Arctic
melting is the result of global warming and it is likely that there shall be an ice-free Arctic
summer by 2060 (Dunne, 2022) even if our greenhouse gas emissions significantly reduce.
The IPCC, 2018, “has high con�dence” of overshooting 1.5°C even if current Nationally
Determined Contributions are supplemented with “very challenging increases in the scale
and ambition of mitigation after 2030”. Therefore, it would appear that overshoot is the
most optimistic scenario. Overshoot results in an around 80% chance of a summer being
ice-free before 2060 and if temperatures are to reach 2°C then this rises to 90% (Dunne,
2022).

Figure 1: PIOMAS Arctic Ice Volume
(Schweiger et al., 2011)

Figure 2: Ice-Free Summer Probability
(Dunne, 2022)

Sea ice melting is increased by Arctic amplification; increased temperatures cause ice to
melt. This exposes seawater which has an albedo less than a tenth of that of ice (and a
fifteenth of that of snow-covered ice, Desch et al., 2017). Hence the area absorbs more solar
radiation and heats up. The warmer waters then melt more ice thereby exposing more sea in
a positive feedback loop; this is the main driver of Arctic amplification which is causing the
region to heat up four times faster than the global average (Rantanen et al., 2022). However,
the feedback loop can also work in reverse; if the amount of ice is increased then less solar
radiation shall be absorbed and temperatures shall decrease. Desch et al., 2017 calculated
that losing all the ice historically present (around 6 million km2) would result in an increase
of energy absorbed by the Arctic equal of almost 3×1011 J. Averaged across the globe during
a year this is 0:17 Wm−2, which is equivalent to over 14% of anthropogenic radiative forc-
ing. The Arctic melting would therefore cause global temperatures to measurably increase.
Alongside increasing global temperatures by a reduction in global albedo, loss of Arctic sea
ice leads to increased coastal erosion in Arctic regions, intensification of extreme weather
events (from snow storms to droughts) and the release of unknown quantities of methane
and CO2 currently trapped in permafrost (Moon et al., 2019).
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Figure 3: Arctic Albedo
(National Snow and Ice Data Center, n.d.)

Figure 4: Arctic Amplification
(Goddard Institute for Space Studies, 2016)

Not only has the extent of Arctic ice significantly reduced but the average thickness
has halved since records began in 1979 (Desch et al., 2017). Ice that has survived multiple
summers, known as multi-year ice, is thicker and stronger than first-year ice so the reduction
in the thickness of ice is a concern. Not only is multi-year ice thicker but it also slowly rejects
salt in the form of brine; this makes the ice more resistant to melting and to being broken
up by waves. Figure 5 shows how the age/thickness of Arctic ice has reduced over the last
forty years. The thinning of the ice makes it susceptible to melting more quickly so we must
urgently take action to prevent it.

Figure 5: Arctic Ice Thinning (Lindsey and Scott, 2020)
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1.2 Ice Thickening through Ice Volcanoes

There are several proposed methods of increasing Arctic ice; these range from scattering
reflective beads across the surface of the ice to increase its albedo to marine cloud brightening
to reduce the amount of solar radiation. Ice volcanoes are a proposed method of directly
increasing the amount of ice that freezes during the winter by pumping water on top of
existing ice. Water freezing on the bottom of the ice requires the latent heat to be conducted
through the ice and then convected to the air or radiated into space. For new ice that is not
forming on exposed water, existing ice is an insulating layer between the water underneath
and the cooling that is provided from above. Therefore, if water is pumped on top of the
ice it may freeze more quickly thereby thickening the ice and allowing it to survive longer
during the summer months. Ice that is thicker than 1:5m is likely to survive the summer
in many areas thereby increasing the albedo and reducing the amount of energy absorbed
(Desch et al., 2017).

The proposed ice volcanoes would pump water up and on top of thin ice in the winter,
and as it then flows outwards the water would freeze and thicken the ice. Over the whole
Arctic winter the ice would be thickened such that it should survive the summer melting.
The following year the ice would thicken again and hence become multi-year ice. The exact
thickness of ice required will vary across the Arctic region due to meteorological conditions
and increased solar radiation at lower latitudes. Desch et al., 2017 calculated that thickening
ice by around 1m would have a significant impact. Their calculations suggested that it would
be possible for convection and radiation of heat to provide the necessary cooling to freeze
ice to the necessary thickness. However, due to the heat release from water freezing on top
of the ice, natural freezing on the bottom of the ice is reduced. The effect is that only 70%
of the expected increase in ice is observed, therefore around two fifths of the water that is
pumped does not contribute to a net increase in ice. The calculations performed by Desch
et al., 2017 only consider a heat balance across the whole of the Arctic summer and they do
not calculate the impact of the heat release on the existing ice.

Figure 6: Potential Arctic Ice Growth
(Original Diagram Based on the Calculations of Desch et al., 2017)
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Despite the calculations of Desch et al., 2017, there has been very little experimental
work or modelling of ice volcanoes themselves. Cartlidge, 2022 performed experiments for
water flowing over an ice surface down a channel in a simplified two-dimensional model of
an ice volcano. The work showed that an ice profile along the channel could be measured for
water injected above its freezing temperature, although these experiments were not repeated.
Experiments were also conducted using freezing temperature water; in these experiments the
models developed underestimated the measured growth by around 50%. These experiments
were conducted in a channel metre long and over time periods of the order of 10 minutes.
When these experiments were repeated the results were not reliable. This was thought to
be as the result of variations in the water temperature flowing over the ice. This project
implements rigorous experiments to obtain data for the case of a channel flow as well as
developing a new, more accurate model of the resulting ice profile. The experiments and
modelling are then extended to a radial three-dimensional case which is more representative
of an ice volcano. The results of the project are presented along with implications for the
design and deployment of ice volcanoes and some of the challenges which may arise.

Figure 7: Ice Volcano Concept
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2 Modelling

2.1 Previous Modelling

The modelling work done by Cartlidge, 2022 used Phase changes following the initiation of
a hot turbulent 
ow over a cold solid surface (Huppert, 1989) as a basis and is derived again
here for completeness and as a starting point for further derivations. The assumptions and
methods are also used in the derivation of the updated model for the channel case and in the
models for the radial case. The ice is taken to be of semi-infinite thickness and cooling due
to convection, radiation or evaporation from the water to the atmosphere is neglected. The
validity of these assumptions for the time and length scales used are analysed later in this
section. Any heat transfer to the walls of the channel is also neglected; experimental results
suggest this assumption may be not be valid and this is discussed in the results section.

2.2 Nomenclature

Thermal diffusivity of ice, �i = 1:18 × 10−6 m2s−1

Thermal diffusivity of water, �w = 0:132 × 10−6 m2s−1

Thermal conductivity of ice, �i = 2:22 Wm−1K−1

Thermal conductivity of water, �w = 0:56 Wm−1K−1

Density of ice, �i = 916:2 kgm−3

Density of water, �w = 1000 kgm−3

Specific heat capacity of ice, cp;i = 2100 Jkg−1K−1

Specific heat capacity of water, cp;w = 4200 Jkg−1K−1

Heat transfer coefficient between water and ice, h = 2757 Wm−2K−1

Latent heat of fusions of water, L = 334;000 Jkg−1

Phase change temperature of water, Tpc = 0°C
Distance along the channel, x
Perpendicular distance from the initial slope, z
Time since water injection, t
Position of the water-ice interface, �(x; t)
Temperature of the ice, Ti(x; z; t) for z ≤ �
Temperature of the water, Tw(x; z; t) for z ≥ �
Velocity of the flow in the x-direction (assumed constant), v
Depth of the flow (assumed constant), d
Small angle of the slope to provide steady flow, �
Conductive heat flux through the ice, qice

Convective heat flux from the water to the ice, qwater

Latent heat flux from water freezing, qlatent

Note that where a parameter is dependent on various positions in space and time the
convention of f(x; z; t) shall be followed. For example Ti(0; �;0+) represents the temperature
of the ice at the channel inlet (x = 0), at the interface (z = �), instantaneously after the water
is injected (t = 0+). It should also be noted that figures include plots with various colours
representing different times, positions, models or temperatures; different colour schemes have
been used in each of the four cases.
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3 Modelling - Channel Flow

3.1 Setting Up the Problem

Figure 8: Theoretical Model of Water Flowing Down a Channel Over Semi-Infinite Ice

Shown in Figure 8 is the setup for deriving the development of the ice profile for the case
of water flowing along its surface down a channel. The water enters the channel at x = 0
with temperature Tw0 and then flows down the surface with a gravity driven velocity v and
depth d. The change in the depth of ice, �, may be positive or negative as a result of either
water freezing or ice melting. The mass flow of ice to water or water to ice is assumed to
be much smaller than the flow rate of the water injected and this is therefore assumed to be
constant. The ice is assumed to be semi-infinite such that the temperature signal does not
fully penetrate the ice during the experiment; this assumption is verified later. The model
simplifies the ice volcano greatly by limiting it to a two dimensional slice. The water depth
does not vary along the length of the channel (whereas it decreases in the radial case). The
channel flow provides basic insights into how the complicated ice volcano may progress. The
inclination of the channel, ensures that the water flows down the channel, although this shall
not be present in the radial case. As the angle of inclination, �, is small it shall be ignored
henceforth in both diagrams and analysis. In all the following diagrams the vertical axis
represents the the vertical position (with respect to the initial ice surface). The horizontal
axis represents various parameters including distance along the channel, ice depth and time.

Heat transfer to the atmosphere by convection and radiation are neglected over short
time scales when compared to the convection through and the conduction to the ice (this
is verified at the end of the section). Therefore, there are only two mechanisms for heat
transfer that need to be considered; the first is the convection of heat from the water to the
ice qwater, which will cool the water and warm/melt the ice. The second is the conduction
of heat through the ice, qice, which will transfer heat from the surface deeper into the ice.
The freezing of water will release latent heat and similarly the melting of ice will absorb
latent heat. The difference between the heat conducted away from the interface and the
heat convected to it will determine whether there is freezing or melting.
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Figure 9: Heat Transfers in the System

The heat flux through the ice shall be proportional to the temperature gradient in the
ice. The flux at the interface, qice, will therefore be proportional to the local temperature
gradient at the interface. The interface is defined as at z = � where � is the change in ice
depth, therefore:

qice(x; t) ∝
@Ti

@z
∣
z=�

= �i
@Ti

@z
∣
z=�

Where �i is the thermal conductivity of ice and Ti is the temperature of the ice which
may vary in both space and time (x, t).

The heat flux from the water to the ice interface shall be proportional to the tempera-
ture difference between the water and the interface which may be characterised by various
assumptions discussed in the next section:

qwater(x; t) ∝ (Tw − Tinterface) = h(Tw − Tpc)

Where h is a heat transfer coefficient between the water and ice, Tw is the temperature
of the water, which may vary in space and time and Tinterface is the temperature of the
interface. The temperature of the interface is required to be the freezing/melting temperature
of water/ice as explained below.

3.2 Initial Behaviour at the Interface

Before coming into contact with one another the water is at a constant temperature, Tw0

greater than or equal to the phase change temperature. Similarly, the ice is initially at a
temperature, Tw0 less than or equal to the phase change temperature. At the instant the
water first comes into contact with the ice (t = 0+), there must immediately be a continuous
temperature profile across the interface. The temperature at the interface cannot be below
the phase change temperature otherwise water must have instantly frozen. Similarly, if the
interface temperature exceeded the phase change temperature this would mean that some
ice had immediately melted. Huppert, 1989 identified that the interface temperature must
be equal to the phase change temperature for any position and time:
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Ti(x; �; t) = Tw(x; �; t) = Tpc

The ice is at a temperature Ti0 for z ≤ 0 and t < 0. Instantaneously there has not been time
for freezing/melting (i.e. � = 0) therefore the ice surface must immediately be at the phase
change temperature when the water comes into contact with it at t = 0+: Ti(x;0;0+) = Tpc.
At the instant when the water comes into contact with the ice, there has also been no
time for heat transfer so the ice temperature just below the surface must be the initial ice
temperature: Ti(x;0−;0+) = Ti0. This result is shown in Figure 10.

Figure 10: Water-Ice Interface Condition at t = 0+

The temperature gradient in the ice at the interface just after contact with the water
tends to infinity as there is a step change in the temperature of the ice. As the conductive
heat transfer is proportional to this temperature gradient must also tend to infinity at the
interface:

@Ti

@z
∣
z=�

→ ∞ (t = 0+) ∶ qice = �i
@Ti

@z
∣
z=�

→ ∞ (t = 0+)

The conductive heat flux must be balanced by the convection from the water to the
ice and the latent heat of freezing/melting. The convection is proportional to the finite
temperature difference between the water and interface and therefore the initial infinite heat
conduction through the ice (away from the interface) must be balanced by an infinite rate
of freezing. This condition is true for any (finite) water temperature leading to the perhaps
unexpected result that whenever water comes into contact with ice the immediate response
shall be freezing at an infinite rate. The initial behaviour of the ice-water system was
previously identified by Huppert, 1989. Although the instantaneous response is an infinite
rate of freezing, the heat is then conducted into the ice, weakening the temperature gradient
and therefore reducing the rate of heat transfer.
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3.3 Development of the Ice Pro�le

Figure 11: Control Volume at Interface for the Channel Case

The heat fluxes and the release/absorption of latent heat can be analysed analytically to
predict how the ice profile develops beyond the initial response. Figure 11 shows a control
volume around a section of ice growth over a period �t, with heat convection from the water
to the control volume and heat transfer from the control volume through the ice. The latent
heat released per unit area of freezing is �iL��, therefore by applying the energy conservation:

qwater(x; t)�t + �iL��(x; t) − qice(x; t)�t = 0

�iL
@�

@t
= qice − qwater

Where @�
@t , qice and qwater may be functions of both time and space (x; t). This result

was previously derived by Cartlidge, 2022 with slightly different notation. Substituting the
equations for the heat transfer from the water and to the ice gives:

�iL
@�

@t
= �i

@Ti

@z
∣
z=�

− h(Tw − Tpc)

The above equations can be used to qualitatively discuss the ice growth; when/where
the heat conduction exceeds the heat convection there will be ice freezing. This is expected
to occur at short time scales when there has been little time for the temperature gradient
to weaken, or far away from the channel inlet where the water will have cooled. When and
where the convective heat flux exceeds the conductive heat flux there will be melting as there
will be net heat flux to the interface (freezing will occur where there is a heat away from
the interface). Melting is therefore expected at long time scales when the ice has reached
relatively warm temperatures and close to the channel inlet where convection is be strongest.
The development of the ice profile will depend upon the temperatures of both the ice and
the water which influence conduction and convection respectively.
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3.4 Phase Change Temperature Water

If the water is initially at its phase change temperature it cannot cool any further and hence
Tw(x; z; t) = Tpc, therefore there shall also be no heat convection from the water to the ice.
Either the water remains at phase change temperature or it freezes in which case it can then
cool further. The rate of freezing is only dependent on the conduction through the ice (as heat
transfer to the surroundings is neglected). As the ice and water temperatures are uniform
along the length of the channel, the system becomes independent of the position along the
channel: Ti(x; z; t) = Ti(z; t) and the ice growth can also be expected to be independent of
channel position: �(x; t) = �(t). As the water can only freeze or remain liquid the problem
becomes known as the ‘one-phase Stefan problem’ since the water phase can be neglected.
For phase change temperature water the equation for ice growth becomes:

�iL
@�

@t
= �i

@Ti

@z
∣
z=�

This can be coupled with the heat diffusion equation for the temperature of the ice which
only varies along the vertical (z) axis:

@Ti

@t
= �i

@2Ti

@z2

These equations were solved by Cartlidge, 2022 who modelled the ice growth as a function
of time. Two models of the ice growth were considered, the first ignores the small change
in the location of the interface between the ice and water as some of the water freezes. The
interface in the model is assumed to remain constant at z = 0 rather than being modelled as
at the true ice height z = �. As the interface moves upwards the heat shall have to conduct
further to reach Ti0 far away from the interface, therefore this model predicts a steeper
temperature gradient from Tpc to Ti0 hence an overestimate of the freezing is expected. The
ice growth in this model is directly proportional to the difference between the initial ice and
phase change temperatures and grows with the square root of time. The equation for the
ice growth ignoring the contribution of the moving interface is as follows:

�st(t) =
2cp;i(Tpc − Ti0)√

�L

√
�it

The model including the moving interface is more complex and must be solved numerically
as an iterative solution for the parameter 
 must be found. The ice growth no longer depends
directly upon the temperature difference, though the growth is still proportional to the square
root of time. The following equations describe the ice growth for the model including the
contribution of the moving interface:

�mov(t) = 2

√
�it; 
 = −cp;i(Ti0 − Tpc)√

�L

exp (−
2)
1 + erf (
)

Alternatively:

�mov(t) = 
′�st(t); 
′ = 
/cp;i(Ti0 − Tpc)√
�L
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Figure 12: Ice Growth with Phase Change Temperature Water

The two models describing the development of the ice profile with phase change tempera-
ture water are shown in Figure 12. These diverge slightly at longer time scales (when the ice
growth is larger). However, the difference is relatively small for the time scales of interest.
The percentage difference is time invariant and for ice of -18°C is less than 7% between the
two models. Figure 13 shows the value of 
′ with increasing temperature difference (i.e.
decreasing initial ice temperature). As expected, at lower initial ice temperatures, there is
a larger discrepancy between the two models, this is due to the larger temperature differ-
ence acting over the same difference in the position of the interface. At the temperatures of
interest it is assumed henceforth that the moving interface can be neglected and that heat
transfer occurs at z = 0. This assumption is challenged later in the analysis of experiments
for warmer than phase change temperature water.

Figure 13: Difference Between Ignoring and Including the Moving Interface
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3.5 Above Phase Change Temperature Water

Water above its freezing temperature may freeze or it may cause ice to melt depending upon
the balance between the conduction of heat away through the ice and the convection of
heat from the water to the ice. When the conduction of heat through the ice exceeds the
convection of heat to it then freezing will occur. Similarly, if the conduction is exceeded by
the convection then there will be melting, this is shown in Figure 14.

Figure 14: Impact of Relative Magnitudes of Conduction and Convection

The water now enters at an initial temperature greater than the phase change temper-
ature, Tw(0; z; t) = Tw0. The interface temperature will still be equal to the phase change
temperature and there shall be an initial infinite rate of freezing. However, as the water
can now cool as well as freeze the behaviour of the system is very different. Firstly, the
temperature profile of the ice must be derived. The heat diffusion equation (@Ti

@t = �i∇2Ti)
governs the heat transfer through the ice. With a relatively high flow velocity of the water
compared to the characteristic velocity of the temperature signal (v >>

√
�i/t) the variation

of temperature along the channel can be neglected, hence:

@Ti

@t
= �i∇2Ti = �i

@2Ti

@z2

The boundary conditions for the ice are that it is all initially at a uniform temperature,
Ti(x; z;0) = Ti0. The ice is semi-infinite hence the temperature far away from the interface
is still at the initial temperature: Ti(x;−∞; t) = Ti0. Finally, ignoring the moving interface,
the temperature at the ice surface is the phase change temperature: Ti(x;0; t) = Tpc. The
solution of the equation for heat diffusion has the general solution:

Ti = A +B erf ( z

2
√
�it

)

As z → ±∞, erf (z) → 0, therefore the semi-infinite ice thickness and the initial state
boundary conditions are equivalent and lead to:

A = Ti0
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The interface condition is Ti = Tpc at z = 0 hence Tpc = Ti0 +B erf (0) = Ti0 +B:

B = Tpc − Ti0

The equation for the temperature of the ice profile is therefore a function of four param-
eters; the initial ice temperature, the phase change temperature, the depth into the ice and
the time since the water was injected:

Ti(z; t) = Tpc + (Tpc − Ti0) erf (
z

2
√
�it

)

The conduction through the ice, qice is given by �i
@Ti

@z
∣
z=�, however, ignoring the moving

interface has approximated the heat transfer occurring at z = 0 rather than z = � hence:

qice ≈ �i
@Ti

@z
∣
z=0

Differentiating the above equation for the temperature in the ice gives:

@Ti

@z
= (Tpc − Ti0) ⋅

2√
�
⋅ 1

2
√
�it

⋅ exp( z

2
√
�it

) = Tpc − Ti0√
��it

exp( z

2
√
�it

)

Evaluating the equation at z = 0 and substituting into the conduction equation:

qice =
�i(Tpc − Ti0)√

��it

As expected, at t = 0 the above equation gives an infinite rate of heat transfer for any (below
phase change) initial ice temperature. The rate of conduction decreases over time as the ice
near to the boundary gets warmer and the temperature gradient weakens. This result was
previously derived by Cartlidge, 2022. The warming of the ice by conduction is shown in
Figure 15 for three depths into the ice (measured from the initial surface).

Figure 15: Temperature Through the Ice Over Time
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3.5.1 Inviscid Channel Flow with No Thermal Boundary Layer

If the water is assumed to be well mixed then there will be no temperature variation through-
out the depth of the water (other than an infinitesimal depth at the interface). The entire
depth of the water will have a bulk temperature that will decrease along the channel as
shown in Figure 16. As the flow velocity is relatively large compared with the characteristic
velocity of conduction in the water (i.e. v >>

√
�w/t) the water velocity is only affected by

the convection and hence is only a function of the position along the channel.

Figure 16: Water Temperature with No Thermal Boundary Layer

The water temperature can be derived by considering the energy balance on the flow
at an arbitrary position down the channel; the heat transferred away from the flow by
convection must cool the bulk water temperature. The heat transfer by convection for the
bulk temperature assumption is h(Tw − Tpc), where h is a heat transfer coefficient.

Figure 17: Control Volume for Deriving the Water Temperature Profile

Applying conservation of energy to the control volume (per unit depth into the page),
the change in enthalpy of the water must be equal to the heat transferred away from it by
convection:

�wdvcp;w(Tw + �Tw) − �wdvcp;wTw = −qwater�x
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Substituting in for qwater, rearranging and taking the limit as �x → 0:

�wdvcp;w
dTw

dx
= −h(Tw − Tpc)

Tpc is fixed and therefore d(Tw − Tpc) is identical to dTw. Using this and rearranging the
equation above:

d(Tw − Tpc)
Tw − Tpc

= − h

�wdvcp;w

dx

∫
Tw

Tw0

1

Tw − Tpc

d(Tw − Tpc) = ∫
x

0
− h

�wdvcp;w

dx

ln( Tw − Tpc

Tw0 − Tpc

) = − h

�wdvcp;w

x

Tw(x) = Tpc + (Tw0 − Tpc) exp(− h

�wdvcp;w

x)

Figure 18: Water Temperatures Down the Channel

The heat transfer by convection is given by h(Tw − Tpc) as noted above therefore for the
case of a flow with a bulk temperature and no velocity boundary layer the convective heat
transfer is:

qwater = h(Tw0 − Tpc) exp(− h

�wdvcp;w

x)

This equation can then be substituted into the equation for the rate of ice growth/melting:

�iL
@�

@t
= �i(Tpc − Ti0)√

��it
− h(Tw0 − Tpc) exp(− h

�wdvcp;w

x)

Integrating this equation to find the change in ice thickness is then trivial and gives the
following equation:

�(x; t) = 1

�iL
(2�i(Tpc − Ti0)√

��i

√
t − h(Tw0 − Tpc)e−

h
�wdvcp;w

x
t)
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The progression of the ice profile is shown in Figure 19; for relatively cool water (0.5°C)
there is freezing along the length of the channel. With warmer temperatures the convection
exceeds the conduction more quickly hence there is melting at the start of the channel and
growth further along. At the inlet the difference in the height of ice is over 5mm for when
the temperature increases by a factor of four to 2.0°C, showing the large sensitivity to inlet
water temperature as discussed later.

Figure 19: Development of the Ice Profile for the Inviscid No Thermal Boundary Layer
Assumption

The normalised difference in heat transfer (qice−qwater)/qice is shown in Figure 20 for three
times and 1.0°C water. The horizontal axis marks where the conduction and convection are
equal, hence where the rate of change in ice thickness is zero. Above the axis there is freezing
with the rate increasing away from the axis, whilst below the axis there is melting. However,
as shown, there may be freezing at a location initially and melting at a later time so the
graph does not show the net change in ice thickness (as is shown in Figure 19). As the water
quickly cools the convection tends to zero, hence the asymptote shown in the figure.

Figure 20: Relative Magnitudes of Conduction and Convection for the NBL Assumption
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3.5.2 Inviscid Channel Flow with a Thermal Boundary Layer

For parallel flow the thermal boundary layer equation is as follows:

u
@T

@x
= �w

@2T

@z2

There are multiple assumptions that could be made about the velocity profile of the
water, considered first is the case of a constant (in z) bulk velocity, v. Approximating the
temperature changes to be ∆T0 and taking the thermal boundary layer thickness to be �:

v
∆T0

x
∼ �w

∆T0

�2

Solving for �, the thermal boundary layer thickness, shows that it grows with
√
x:

� ∼
√
�wx

v

The corresponding heat transfer coefficient, h, is given by �w/�:

h = �w

√
v

�wx
(x > 0)

This heat transfer coefficient describes the heat transfer from the bulk flow above the
thermal boundary layer (at constant temperature Tw0) through the thermal boundary layer
to the interface (at temperature Tpc). As the thermal boundary layer grows the heat must
be transported further and therefore the rate of convection is reduced. The temperature
through the thermal boundary layer has not been solved as the temperature difference of
importance is that across the thermal boundary layer (∆T0 above). The heat transfer by
convection from the water is now given by:

qwater = �w(Tw0 − Tpc)
√

v

�wx

The equation for the convective heat transfer through the
√
x thermal boundary layer

can now be substituted into the equation for the rate of ice thickness change which can again
be integrated to obtain:

�iL
@�

@t
= �i(Tpc − Ti0)√

��it
− �w(Tw0 − Tpc)

√
v

�wx

�(x; t) = 1

�iL
(2�i(Tpc − Ti0)√

��i

√
t − �w(Tw0 − Tpc)

√
v

�wx
t)
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The ice profile shown in Figure 21 develops very differently compared to the no thermal
boundary layer assumption; the convective ice heat transfer close to the channel inlet is very
large as the thermal boundary layer is very thin close to the inlet. As the convective heat
transfer is proportional to 1/√x it decreases much more slowly than the previous exponential
model, hence there is melting all the way down the channel for 2.0°C water. The net change
in the volume of ice even for 1°C is also negative which implies ice volcanoes would not be
feasible.

Figure 21: Development of the Ice Profile for the � ∝√
x Assumption

The difference in heat transfer between the conduction through the ice and convection
from the water confirms what is shown in Figure 21. Figure 22 shows how the convection
quickly exceeds the conduction all the way down the channel after around ten minutes. The
melting that occurs shall then destroy any ice that had built up and then the original ice
according to this model. As with the ice profiles, the convective heat transfers do not reduce
as quickly to converge at the asymptote on the plot. The graph shows that in the case of water
with a thermal boundary layer growing with

√
x, the relatively large temperature difference

across the thermal boundary layer leads to significant heating and eventually melting.

Figure 22: Relative Magnitudes of Conduction and Convection for the � ∝√
x Assumption
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3.5.3 Viscous Shear Channel Flow with a Thermal Boundary Layer

The thermal boundary layer equation for parallel flow is again given by:

u
@T

@x
= �w

@2T

@z2

Instead of assuming a bulk flow velocity it will be assumed that a velocity boundary layer
has developed such that the thermal boundary layer occurs in an area where there is shear
flow. The velocity profile will be approximated as u = Sz, where S is the shear rate, hence:

Sz
@T

@x
= �w

@2T

@z2

Taking the same approximations of the temperature differences and thickness � as above:

S�
∆T0

x
∼ �w

∆T0

�2

Solving for �, the thermal boundary layer thickness, now grows with 3
√
x:

� ∼ 3

√
�wx

S

From lubrication theory found in Lister, 1992, the velocity parallel to a slope in a viscous
fluid can be described by:

u = g

2�
z(2d − z) sin�

When integrated this gives the 2D volumetric flux, V :

V = gd
3

3�
sin�

The shear rate is defined as the derivative of velocity with respect to z at the surface:

S ≡ @u

@z
∣
z=0

= g sin�
�

d = (g sin�
�

√
3V )

2/3

The heat transfer across the new thermal boundary layer can now be derived. Taking
the shear velocity profile and once again applying it to the thermal boundary layer equation:

Sz
@T

@x
= �w

@2T

@z2

Using the similarity solution T −Tw0 = (Tpc−Tw0)f(z) where z = z/� and � = � ∼
√
�wx/S

and denoting differentiation with respect to z as f ′:

−1
3
z2f ′ = f ′′

The equation is then separable for f ′ and can be integrated to give:

f ′ = Ae−z3/9
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where A is an arbitrary constant. The boundary conditions of phase change temperature
at the surface (i.e. f(0) = 1) and initial water temperature far from the surface (i.e. f → 0
as z → ∞) can be used to integrate f ′ again to give:

f(z) = ∫
∞
z e−u3/9 du

∫
∞

0 e−u3/9 du

The flux is directly proportional to the temperature gradient at the interface:

@T

@z
∣
z=0

= Tf − Tw0

�
f ′(0)

f ′(0) = −(∫
∞

0
e−u

3/9 du)
−1

≈ −0:538

Therefore the heat convection through the ice in the new model of the thermal boundary
layer growing with

√
x is:

qwater = 0:548�w(Tw0 − Tpc) 3

√
S

�wx
; S = (g sin�

�

√
3V )

2/3

The above equation interestingly has very little dependence on the flow rate of the water
(qwater ∝ V 1/9). The thermal boundary layer also grows much more slowly with distance
along the channel, x, than the previous theory, therefore there shall be a slower change in
the convection rate. As a result, the ice thickness can be expected to be flatter (as qice is
independent of x). The new equation for the development of the thermal boundary layer can
be substituted into the equation for the rate of ice growth which is integrated once more:

�iL
@�

@t
= �i(Tpc − Ti0)√

��it
− �w(Tw0 − Tpc) 3

√
S

�wx

�(x; t) = 1

�iL

⎛
⎝
2�i(Tpc − Ti0)√

��i

√
t − �w(Tw0 − Tpc) 3

√
S

�wx
t
⎞
⎠

The model using a shear flow approximation developed here is an extension to the pre-
vious two models by Cartlidge, 2022, as their models bounded the data they obtained. The
new model is expected to sit between the two previous models and better capture the shape
of the data, as well as fitting to it more accurately.
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Figure 23 shows the ice thickness change for the new boundary layer model of a thermal
boundary layer in a viscous shear flow. The thermal boundary layer grows more slowly than
in the previous case hence, the rate of heat transfer reduces less rapidly. The figure shows
an ice thickness thicker than for observed in the previous model (with an inviscid thermal
boundary layer) and predict less melting in the channel. Whilst the melting is reduced, there
is still melting along the whole length of the channel for 2.0°C water. The melting with 1.0°C
water only occurs up to around half the length (∼ 0:2 m vs ∼ 0:4 m), which is encouraging
for the ice volcano if the model is accurate.

Figure 23: Development of the Ice Profile for the � ∝ 3
√
x Assumption

The impact of the thermal boundary layer growing as the cube root of distance rather
than square root as previously is shown in Figure 24. The thermal boundary layer thickens
more slowly and hence the rate of convection through it decreases more slowly (with respect
to distance). Therefore, the convective heat flux is stronger for further down the channel.
The figure shows that after just five minutes there is net heat transfer to the interface (rather
than away from it) along most of the channel. Hence, there will be melting along most of
the channel.

Figure 24: Relative Magnitudes of Conduction and Convection for the � ∝ 3
√
x Assumption
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3.5.4 Models for the Development of the Ice Pro�le - Channel Case

The two models for the ice profile resulting from water flowing over its surface down a channel
developed by Cartlidge, 2022 have been supplemented by a third model developed here. The
two existing models considered firstly water with a bulk temperature decreasing along the
channel due to convection of heat away from the water. The second model considered a
thermal boundary layer in a flow of constant (in z) velocity growing with the square root of
distance. The new model uses a thermal boundary layer growing within a region of shear flow
in a velocity boundary layer; this results in the thermal boundary layer growing as 3

√
x. All

the models show that the heat conduction through the ice initially exceeds the convection to
it and hence the first response is freezing. As the ice warms independently of position whilst
the heat convection is strongest closest to the channel entry (for all the models), this is where
melting first begins (in both space and time). The heat flux by convection is independent
of time, hence as the ice warms in time the position of no net flux moves down the channel
(in increasing x). The initial water temperature greatly affects the ice profile that develops
in all of the models even close to the freezing temperature and with relatively small changes
from 0.5°C to 2.0°C, which has significant implications for the ice volcano.

Figure 25: Comparison of the Three Models with 1°C Water after 8 Minutes

Figure 25 shows the prediction of each of the three models for 1°C water flowing over ice
down a channel after eight minutes. The new model with a thermal boundary layer in a shear
velocity flow predicts a much steeper transition from melting to freezing (at the given time)
and sits between the two previous models. Towards the end of the channel the two thermal
boundary layer models predict very similar growths, due to the different dependencies on
distance along the channel. These models cross at x ≈ 2m though this is outside the range
of interest of this project which focuses on relatively short length scales.
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4 Experiments - Channel Flow

4.1 Experimental Setup - Channel Flow

Cartlidge, 2022 conducted experiments in a walk-in meat freezer in the kitchens of Trinity
College, Cambridge to determine the ice profile resulting from water flowing over its surface
and down a channel. The freezer was used as a cold room, maintained at -18°C, representative
of Arctic temperatures in the winter (Labe, 2016). The same experimental setup (shown in
Figure 26) involved pumping water from a reservoir to the inlet of a slightly angled channel
and then into a collection container. This was used in the following experiments.

Figure 26: Channel Setup Figure 27: Channel Size (Cartlidge, 2022)

The pump used was calibrated to a volumetric flow rate of water of 5:4 cm3s−1 and the
channel (shown in Figure 27), had an aluminium base to act as a heat sink with an acrylic
channel on top. Acrylic was used for two reasons; first its transparency allows the basic ice
profile to be seen through the walls. Secondly, any heat transfer to the walls is neglected in
the models, hence the low thermal conductivity of acrylic helped to minimise heat transfer
from the water/ice and the walls. The walls did however, provide a challenge in achieving a
uniform ice profile across the width of the channel as discussed later.

The channel was designed such that its entire width was uniformly covered by a thin film
of water at the selected flow rate, hence the model could be assumed to be valid over the whole
width and uniform growth was expected. The characteristic distance of the temperature
signal, l ∽

√
�it, is approximately 24mm after eight minutes. The depth of ice frozen was

slightly shallower than this hence the semi-infinite approximation may start to break down
towards the end of the 8 minute experiment. Before the temperature signal reaches the base
of the ice it is unaware that the ice is not semi-infinite and hence the assumption is valid
until this point. Originally the channel was taped closed, however it was very challenging
to prevent water from leaking. Therefore, two stoppers which were 3D-printed by Pantling,
2022, these have slots for o-rings to sit into and are then sealed with a non-hardening sealant
to prevent water escaping. Initially, the ice does not freeze evenly so it is melted using a
warmed strip of aluminium (similar to a Zamboni for ice-rinks, Cartlidge, 2022), before being
allowed to refreeze. The process of melting and refreezing must often be carried out multiple
times to ensure that the surface of the ice is suitably smooth to carry out the experiment.
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The change in ice thickness was measured as the difference between two measurements
from the top of the channel. Before running water over the surface a micrometer was used
to measure the depth from the top of the channel at two locations across its width at 5 cm
intervals. After the experiment the ice was allowed to cool (to prevent the micrometer melting
the ice) and measurements were taken at the same locations and the difference between their
averages taken as the change in the ice profile. Due to natural variations across the width
of the channel this measurement incurred significant uncertainty, hence two measurements
were taken across the channel width.

4.2 Achieving Freezing Temperature Water

Cartlidge, 2022 performed experiments using freezing temperature water flowing down ice
over the channel, however it was noted there was significant difficulty in maintaining the
temperature of the water. By melting ice cubes into water it is possible to cool the water
to 0°C in the reservoir and this is known to be constant if further ice cubes do not melt.
However, as noted above, there is some cooling in the water pipe that leads to a temperature
drop (for above freezing temperature water). In the case of water at or close to freezing
temperature (<1°C) it is observed that the water begins to freeze in the supply pipe as
shown in Figures 28 and 29. Maintaining a constant supply of water with no ice was not
practical with the available equipment and on the rare occasion ice did not block the pipe,
particles of ice were observed in the flow. In the experiments of Cartlidge, 2022, greater
than expected ice buildup was observed for freezing temperature water, possibly as a result
of some freezing occurring before the water reaches the channel. As a result of the difficulty
pumping water at its freezing temperature it was decided that it would be futile to continue
with experiments at freezing temperature. These may be possible with more direct control
of the heat transfer to/from the water however this was not possible in this project.

Figure 28: Freezing in the Pipe Figure 29: Freezing at the Inlet
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